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Abstract

Insurance derivatives facilitate the trading of insurance risks on capital markets,
such as catastrophe derivatives that were traded at the Chicago Board of Trade. Si-
multaneously, insurance risks are traded through reinsurance portfolios. In this paper
we make inference about the market price of risk implied by the information embedded

in the prices of these two assets.
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1 INTRODUCTION

The insurance and reinsurance industry has become increasingly concerned about the con-
centration of exposures linked to a single event such as a natural catastrophe or a terrorist
attack. Those industries traditionally provided the vehicle in the private sector for spread-
ing risks of such magnitudes across society. In 1992, Hurricane Andrew caused $16 billion
in insured losses and more than sixty insurance companies became insolvent. The esti-
mates of insured losses due to Hurricane Katrina in 2005 range from $40 — $60 billion. In
need for alternative means of risk spreading that would add capacity to the market dealing
with such extreme events, the private sector has been exploring the securitization of those
risks. In addition to adding capital, a liquid catastrophe derivatives market would allow
insurance and reinsurance companies to dynamically adjust their exposure to natural catas-
trophic risk through hedging with those standardized financial contracts at low transaction
costs. In 1993, catastrophe derivatives were introduced at the Chicago Board of Trade
(CBoT). These exchange-traded financial derivatives were based on underlying indexes
reflecting insured property losses due to natural catastrophes which were self-reported by
insurance and reinsurance companies. Insurance futures and options on insurance futures
were the first type of contracts traded at the CBoT. Due to the very low trading activity,
they were replaced in 1995 by catastrophe spread options based on underlying loss indexes
which are provided by Property Claim Services (PCS), an independent statistical agency.
We refer to D’Arcy and France (1992) for a detailed description of insurance futures and
to O'Brien (1997) for catastrophe spread options.

The pricing of catastrophe derivatives is challenging as the market is incomplete. Nat-
ural catastrophes cause jumps in the underlying indexes of random size at random points
in time. It is thus not possible to determine a unique price process for catastrophe deriva-

tives purely based on the exclusion of arbitrage opportunities. The literature on pricing



of catastrophe derivatives either assumes that jump sizes of the underlying loss index are
constant or specifies investors’ preferences. Cummins and Geman (1995) and Geman and
Yor (1997) assume that the underlying loss index follows a geometric Brownian plus a
Poisson process with constant jump sizes. While unique pricing under no-arbitrage is
appealing, the assumption of constant loss sizes is questionable in the context of natural
catastrophic risk. Aase (1999) takes a different, more realistic modeling approach. He
models the dynamics of the underlying loss index as a compound Poisson process with ran-
dom jump sizes and specifies the preferences of market participants by a utility function.
Price processes are then determined within a partial equilibrium framework. Embrechts
and Meister (1997) generalize Aase’s stochastic model by allowing for mixed compound
Poisson processes with stochastic frequency rate.

In this paper we exploit the fact that the underlying insurance risk is simultaneously
traded in reinsurance portfolios. When those portfolios are transferred to financial mar-
kets, e.g. through stock trading of stock reinsurers, then their prices are formed by the
same mechanism that underlies the price formation of catastrophe derivatives. We utilize
this link between both prices and make inference about the implied market price of the
underlying insurance risk while keeping the more realistic model of a compound Poisson
process for the underlying loss index, as in Aase (1999).

The remainder of the article is organized as follows. In Sections 2 we introduce the
model for the underlying risk process and the contracts that are traded in the market.
Section 3 derives the market price for catastrophe risk implied by a catastrophe call option

and a reinsurance portfolio. We conclude in Section 4.



2 THE MARKET

In this section, we define the stochastic process for the underlying loss index, the specifi-

cations of the catastrophe derivative and reinsurance portfolio, and their price processes.

2.1 Risk Process

Uncertainty in the market is described by a probability space (€2, F, P) on which random
variables will be defined. We assume that the economy is of finite horizon T' < co and
the flow of information is modeled by a non-decreasing family of o-algebras (ft)OStST, a
filtration. We assume that Fr = F, each F; contains the events in F that are of P-measure
zero, and the filtration is right-continuous, i.e. F; = F;4 where Fyq = sgtfs.

The risk faced by the insurance and reinsurance industry is inherent in their exposure
to accumulated insured property losses. As natural catastrophes cause claims of extreme
magnitude, we follow the approach of Aase (1999) and assume that the process of accumu-
lated insured property losses is a compound Poisson process X = (Xt)ogth‘ The random
variable X; thus represents the sum of insured property losses to the industry incurred in

(0,t], i.e.

Ny
X = Z Y, = ZYk, (1)
k=1

{k| T <t}
where T}, is the random time point of occurrence of the k' catastrophe that causes a
corresponding insured property loss of size Y;, and N; is a random variable counting
catastrophes up to and including time t. We assume that the counting process N =
(Nt)ogth is a Poisson process with intensity A, and Y7, Y, ... are nonnegative, independent
and identically distributed random variables, all independent of the counting process N.
Let G be the distribution function of Y} with support [0,00). The parameters (A, dG (y))

are called the characteristics of the process X.



Under these assumptions X is thus a time-homogeneous process with independent incre-
ments. Actuarial studies (see Levi and Partrat, 1991) have shown that these assumptions
are reasonable in the context of losses arising from windstorm, hail and flood. Earthquakes
are described as events arising from a superposition of events caused by several independent
sources. Accumulated insured losses due to earthquakes can therefore be approximated
by a compound Poisson process. The assumption on time-homogeneity is questionable for
the case of hurricanes which occur seasonally. In the context of catastrophe derivatives,
however, contracts linked to regions, that are exposed to hurricane risk, all track quarterly
loss periods to account for seasonal effects.

We assume that the past evolution and current state of the risk process X is observable
by every agent in the economy, i.e. X is assumed to be adapted to the filtration (ft)ogth'
We thus exclude any effects that asymmetric information may have on the market through
moral hazard or adverse selection problems. For simplicity, it is assumed that X generates
the flow of information, i.e. F; = o (0 (X5, s <t) UN) where N denotes the events of P-

measure zero.

2.2 Equivalent Probability Measures

Changing the probability measure plays a central role in the context of no-arbitrage valua-
tion of contracts as their discounted price processes are martingales under the appropriate
probability measure. For compound Poisson processes, Delbaen and Haezendonck (1989)
characterized the set of probability measures @ on (€2, F) that are equivalent to the “refer-
ence” measure P and that preserve the structure of the underlying risk process X, i.e. such
that X is a compound Poisson process under the new probability measure (). Aase (1992)
showed that this set can be parameterized by a pair (k,v (+)) where & is a strictly positive

constant k and v : Ry — R is a measurable function that is strictly positive on the support



of G with E” [v(Y;1)] = 1. The density process ¢, = E¥ [¢ | 7] of the Radon-Nikodym

derivative &7 = % is then given by

N,
& = exp (Zt In (kv (Yy)) + A (1 — k) t) , (2)
k=1

for any 0 < ¢+ < T under the assumption that EF [exp (ij;l In (kv (Yk)))} < oo. Let
P denote the equivalent probability measure that corresponds to the constant x and the
function v (-). Under the new measure P*" the process X is then a compound Poisson
process with characteristics (A", dG* (y)) where A* = Ax and dG* (y) = v (y) dG (y).

Aase (1992, 1993) interprets the Radon-Nikodym derivative (2) as the marginal disutil-
ity of the market which endogenously arises in equilibrium of a dynamic pure risk exchange
economy. He calls x the market price of frequency risk and v (-) the market price of claim

size risk.

2.3 Assets and Price Processes

We assume that three assets are traded in the capital market, a risk-free bond, a reinsurance
portfolio, and a catastrophe derivative. The risk-free bond accumulates interest at a
deterministic rate r, continuously compounded. The reinsurance portfolio specifies a
premium process p = (pt)g<;<p for the industry’s overall insured losses X = (X¢)gcycr-
The premium p; defines the price at time ¢ for the remaining risk, X7—X;. The catastrophe
derivative is a European-style derivative with maturity 7" which is written on the same
underlying risk process X. The payoff of the catastrophe derivative thus depends on the
realization of X7 only and specifies a price process m = (Wt)ogth‘ Let ¢ : Ry — R be a
measurable function that specifies the payoff at maturity to the buyer of the catastrophe

derivative, i.e. at T the buyer receives ¢ (Xr). The price 7y defines the price at time ¢



the buyer has to pay to enter into the financial contract.
In the absence of arbitrage strategies the fundamental theorem of asset pricing implies
that both discounted price processes are martingales under some but the same equivalent

probability measure P®. The two price processes can therefore be represented as
p?fv — efr(Tft)EP”’” [XT o Xt |ft] (3)

and

npt = TR o (X)) @)

forall 0 <t <T.

3 IMPLIED MARKET PRICE OF RISK

We now examine the market price of catastrophe risk implied by observed prices of the
reinsurance portfolio and a catastrophe call option. Prices p;”* and 7" are thus exoge-
nously given and pricing formulae (3) and (4) will be used to make inference about the
characteristics (\*,dG* (y)) and thereby the market price of frequency and claim size risk,

k and v (+).

Proposition 1 Suppose a reinsurance portfolio and an out-of-the-money catastrophe call
option with strike price K is traded in the capital market with observed prices p;”" and
mp" at time t. Assume that one catastrophe is sufficient to bring an out-of-the-money call

option in-the-money, i.e. G(K — X;y) = 0. Then the market price of frequency risk and

the risk-adjusted expected loss size are given by

L K- X, -
K =
AT —t) K — Xy —er(T=t) (pf" — i)



and

T(T*t) R,V _ R,
KU 1) KW € ™
EP [Yl] — eT(T t)pt, In (1 _ (pi t t )) . (6)

Proof. The underlying risk process X is a Markov process with independent and
stationary increments which generates the filtration (7¢)y<,<p. Prices as given by (3) and

(4) can thus be expressed as

KU —T'(T t)EPK v X _ ()\*-‘rT' T —t) (T _ t)) o dG*k 7
p = [Xr]=e E—k [ vdGTy) ()
k=1 ’

and

= e T IIRP [ (Xpo t+Xt>] (8)

_ O (T) ( Xt+z —t / b ( +Xt)dG*k()>

where G** (-) is the distribution function of the k-fold convolution. The price of a catas-

trophe out-of-the-money call option with strike price K and maturity T is given by

O (\* k  proo
T = o= (AT —t) Z G /O (y+ X; — K)TdG** (). (9)
k=1

The assumption G (K — X;) = 0 implies G* (K — X;) = 0 as the probability measures P

and P™Y are equivalent. Pricing formulae (9) and (7) then yield

. O (Tt o (A (T = 1))F [ i
PRI G et ) (k! ))/O (y+ X; — K) dG*™ (x)

k=1
= =T (K - X (1- eV, (10)



Solving for the implied risk-adjusted intensity A\* yields

1 K- X;
A= 1 . 11
(T—1) (K — X, — e T (i w':’”>> )

The market price of frequency risk x implied by p;”’ and 7" proves (5).
As the risk process X has stationary and independent increments, the martingale prop-

erty implies that the premium process is of the form
PPt = e TTORP™ (X (T —t) = e "TONEP™ V1] (T —t). (12)

We derive (6) by substituting A* in from equation (11). m

Under the assumption G (K — X;) = 0, the information contained in the prices of the
catastrophe call option and the reinsurance portfolio is sufficient to derive the market price
for frequency risk and the risk-adjusted expected loss size. Aase (1999) derives a bound
for the approximation error of this assumption for Gamma distributed loss sizes. He
concludes that the approximation works generally well unless X is small relative to K.

From Proposition 1 we obtain the following comparative statics. The market price
of frequency risk is increasing in the difference in prices, p;"’ — 7;"", and in the risk-free
interest rate, r, and it is decreasing in the “physical” frequency, A, and in the difference
K — X, keeping everything else fixed respectively. The risk-adjusted expected loss size is
increasing in the difference K — X3, and in the catastrophe call option price, 7", again
keeping everything else fixed respectively. Furthermore, the risk-adjusted frequency \* is

larger than the “physical” frequency A if and only if

Pl — i s (T (K - X)) (1 - e*MT*U) , (13)



and the risk-adjusted distribution has a higher expected loss than the “physical”, EF [Yi],

if and only if

er(T=t)pfes?
p.:,v . ﬂ_f,v < e—T‘(T—t) (K — Xt) 1 —exp —EP—[Y;] . (14)

To infer more information about the market price of severity risk, we have to make
assumptions about the distribution of loss sizes and its change under the change of prob-
ability measure. Suppose that the size of insured property losses is distributed according

to a Gamma distribution under the physical probability measure P, i.e.

dG(y) _ " ey n-
~a —Tme v (15)

with shape parameter n € N and scale parameter ¢ € R;. Furthermore, assume that
the change in probability measure preserves the property that insured losses are Gamma
distributed and results in a scale parameter ¢* under P™?. This invariance property
is valid, for example, if investors’ preferences exhibit constant absolute risk aversion (see
Aase, 1999). The expected value of the loss size under P* is EF™" [v]] = % and equation

(6) yields

K—X4
nln
. <K_Xt_eT(Tt) (pf’v—ﬂf’v)>

c = _ K,V
er(T t)pt

(16)

The implied market price of severity risk v (-) is then given by

v = (£) e (17)

Cc

where ¢* is defined by (16). The risk-adjusted loss size distribution is riskier than the

“physical” in the sense of having a higher mean and a higher variance if ¢* < ¢. This is

10



the case if and only if

T’(T—t) R,V
PPt =t < eI (K — X) (1 — exp <—%>> : (18)

n/c
4 CONCLUDING REMARKS

In this paper we made inference about the market price of catastrophe risk from observed
prices of catastrophe derivatives and traded reinsurance portfolios. In future research, it
would be interesting to include basis risk in catastrophe derivatives and/or investment risk
in the reinsurance portfolio to account for a potential mismatch between the exposures of

reinsurance portfolios and the underlying loss indexes.
ACKNOWLEDGEMENT

The author is very grateful for the constructive comments and suggested improvements

made by two anonymous referees.
REFERENCES

Aase, K. (1992). “Dynamic Equilibrium and the Structure of Premiums in a Reinsurance

Market”, Geneva Papers on Risk and Insurance Theory 17, 93-136.

Aase, K. (1993). “Premiums in a Dynamic Model of a Reinsurance Market”, Scandinavian

Actuarial Journal 2, 134-160.

Aase, K. (1999). “An Equilibrium Model of Catastrophe Insurance Futures and Spreads”,

Geneva Papers on Risk and Insurance Theory 24, 69-96.

Cummins, J. D., and H. Geman (1995). “Pricing Catastrophe Insurance Futures and Call

Spreads: An Arbitrage Approach”, Journal of Fized Income 4, 46-57.

11



D’Arcy, S. P., and V. G. France (1992). “Catastrophe Futures: A Better Hedge for
Insurers”, The Journal of Risk and Insurance 59, 575-600.

Delbaen, F., and J. Haezendonck (1989). “A Martingale Approach to Premium Calcula-
tion Principles in an Arbitrage-free Market”, Insurance: Mathematics and Economics

8, 269-277.

Embrechts, P., and S. Meister (1997). “Pricing Insurance Derivatives, the Case of CAT-
Futures”, Proceedings of the 1995 Bowles Symposium on Securitization of Risk,

George State University Atlanta, Society of Actuaries, Monograph M-FI97-1, 15-26.

Geman, H., and M. Yor (1997). “Stochastic Time Changes in Catastrophe Option Pric-

ing”, Insurance: Mathematics and FEconomics 21, 185-193.

Levi, Ch., and Ch. Partrat (1991). “Statistical Analysis of Natural Events in the United
States”, ASTIN Bulletin 21, 253-276.

O’Brien, T. (1997). “Hedging Strategies Using Catastrophe Insurance Options”, Insur-

ance: Mathematics and Economics 21, 153-162.

12



